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1 INTRODUCTION

Theelectricalinhomogeneityandanisotroy canproducestrongorientationaleffectsin resistvity mea-
surementandsoundingsurves(Matias,2002). To overcomethis problem,several azimuthalelectrode
arraysare proposedsuchassquarearrays(Habberjaml979),azimuthalWennerand Schlumbeger ar
rays(Leonard-Mayer1984; Taylor & Fleming1988)aswell asazimuthaloffset Wennerarray (Watson
& Barker1999).Severalsuccessfuapplicationdhave beenreportedn theliterature(Busby2000).How-
ever, numericalsimulationsfor geoelectricafieldsin anisotropicstructureshave rarely beendiscussed
in theliterature,especiallyfor multidimensionaknisotropicstructuresThe electricalpotentialdueto a
pointsourcein ahomogeneouanisotropionediumcanbe obtainedoy transformingLaplaces equation
for ahomogeneousotropicmediuminto Laplaces equatiorfor ahomogeneouanisotropianediumby
stretchingandrotatinga coordinatesystem(Bhattacharya Patral968,Habberjaml979).The effects
of anisotrop for alayeredstructurewasstudiedby Wait (1990),Li & Uren(1998)andYin & Weidelt
(1999).Verner& Pek(1998)presentea 2D finite differencealgorithmfor numericalmodelingof direct
currentsin anisotropicstructures.

In this paper 3D anisotropicstructuresrestudiedusingthefinite elementFE) techniqueln thefollow-
ing sectionwe describehe numericalrealizationof the FE algorithmin detail. We thenverify thefinite
elementalgorithmusingan anisotropictwo-layeredearth.Finally, we calculatethe apparentesistvity
of threetypesof anisotropy: horizontal,verticalanddippinganisotrop.

2 GOVERNING EQUATIONS AND BOUNDARY CONDITIONS

Considerthree-dimensiondBD) conductvity modelwith arbitraryanisotroy in aCartesiarsystenof
coordinategx, y, z) with z-axispointingdovnwards.Thecurrentsource is locatedata point (Xg, Yq, Zg)-
Thecorrespondingourcefunctionis

a(%Y,2) = 16(x—x%q) (Y — ¥q) (2~ 29) 1)
where? is the Dirac deltafunction. The flow of the steadyelectriccurrentobeys the equationof conti-
nuity

0 J (Xa Y, Z) = q(X, Y, Z)7 (2)

wherej denoteghe currentdensity In the anisotropicearth,the currentdensityj andtheelectricfield E
arein generaho longerparallel,whichis expressedy thegeneralizeddhm’s law:

j=0E=p'E, (3)
where

» P Py P
g=p P=1 Px Py Py

- - Px Py Pz

arethe conductvity andtheresistvity tensoy respectiely. In the earth thesetensorsaresymmetricand
positive definite,andwhenrotatedinto the directionsof their principalaxes(x ,y , Z), they aregivenby

g 0 O p, 0 O
g = ())( cg/ 0 |, p = 6( pd/ 0 |,
0 g, - 0 P,
Whereo)(,owaz, arereferredto astheprincipalconducl‘i/ities,andpx/,p)/,pi astheprincipalresistvi-
ties.

Thestationaryelectricfield E canbewritten asthe negative gradientof the electricpotentialv:
E=-0wv 4
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Substitutingegs.(1), (3) and(4) into equation(2), we have thefollowing relation
0. (g_l(x,y, 2)0v(X,Y,2)) = —16(X—Xq)6(y — Yq) 6(2— ), (5)

whichis thedifferentialequatiornof theelectricpotentialv(x, y, z) for a3D conductvity distribution with
arbitraryanisotrop.

Numericalapproximationausing equation(5) typically give poor resultsin the vicinity of the source
locationbecausef steepgradientsaroundthe source.ln orderto remove the effect of the singularpo-

tential causedy the sourcethesingularityremoval procedurgLowry etal. 1989;Zhao& Yedlin 1996)

is applied.The potentialv is thensubdvidedinto a primary potentialv, anda secondaryotentialvs:

V(XY,2) = Vp(X,¥,2) +Vs(X,Y, 2). (6)
Theprimary potentialv, canbe describedy ananalyticalsolutionof the partial differentialequation
O (P (%% 2)DVp(%,¥,2)) = —13(X = Xq) 3(Y — Yg) 8(2— Z) ()

for ahomogeneouanisotropichalf-spacewith theresistvity tensor

[l p% [o)
p= p% Py oy |,
P Py P

Pe

o yz
if thecurrentsourceis locatedon thegroundsurface(z; = 0), yielding solution

PoPoPY1/2
" I(p%pypi) .
P 21 Bpl/2

with

Bp = pB(X—Xq) + 208, (X~ Xq) (Y — Ya) + 205, (X—Xq)Z+ PRV — Ya)* + 200(y — Ya) 2+ P57
Herep)?,p; andp; aretheprincipalresistvities of the homogeneouanisotropichalf-space.
Insertingegs.(6) and(7) into (5), givesthe differentialequationfor vs:

- (gil(xay’ Z) DVS(Xaya Z)) +0U- (&71()(’ Y Z) DVP(Xa Y Z)) =0, (9)
with

P %2 =ps () %2 +pp (10)

Sinceno currentcrosseghe groundsurface denotedby I, the boundaryconditionson I are given
by
ovp ovs
on on
wheren is the outward normaldirectionof thegroundsurfacerl .

On the other domainboundariesdenotedby I, a mixed boundaryconditionis proposed.The total
potentialatlarge distancegrom sourcesandinhomogeneitiehasthe generaform of

(px' p)/ pz’ ) 1/2 1
2m BY/2

0 on g (12)

~
~

(12)
with
B = Proc(X— Xq)® + 200y (X — Xq) (Y — V) + 20X — Xq) Z+ Pyy (Y — Vo) + 20y2(Y — Yo) 2+ P2,

wherep)(,p)/ andpi aretheprincipalresistvities of theanisotropianediumatmodelboundariesiHence,

ov
71— e .
g an gDv n
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oy Py) 2 [ O Oy T\ ([ Po(X=Xa) +Pry(y = V) + Pz
T oz | v 9w O Pry(X—Xq) + Py (Y —Ya) + P22 | -1,
Oz Oy Oz Pre(X—Xq) + Pyz(Y — Vo) + PzzZ

wheren is the outward normaldirectionof the boundaryl ... After straightforvard but tediousderiva-
tions,we get

1/2
_1@ — _Mr -N= —MV
P on 2mB3/2 B 7
or
_10v _rcodr,n)
10V 1oL
P on + B
wherer = |r| = ((X—Xq)? + (Y — Yq)? + 22)'/? denotegheradial distancerom the sourcelocationto the
boundary

v=0, (13)

In a similar way, we cangetthefollowing relation

p‘lﬁ rcogr,n)
=2 4n Bp

for the primary potential.

Vp=0 (14)

Substitutingegs.(6) and(10) into equation(13) andusingequation(14), yields

1

1
_l% + _1% — _MVS_I_ rcoqr’ n)vp (B_ _ _) on roo- (15)
p

P on™E Hn B

B

3 FE APPROXIMATION

The applicationof the finite element(FE) methodto the 3D resistvity problemfor isotropicstructures
wasdicussedy Pridmoreet al (1981),Zhou& Greenhalgh2001),andLi & Spitzer(2001).Herewe

solve the 3D problemfor anisotropicstructuresusingthe FE techniqueAt first, we derive thevariational
integral usingthevariationalprinciple.Following theformulationof Li & Spitzer(2001),the variational
functionalcorrespondingo eq.(9) is

I(ve) — /Q [0 (Ove)? + 20520 v d, (16)

whereQ denotegshe modelvolume.
Takingthevariationof theright-handsideof eq.(16) with respecto v, gives

5l(vs) = /Q Z(p_lﬂvs—i—&_lﬂvp)-DcSVSdQ. (17)

After carryingoutintegrationby partsand substitutingfor the boundaryconditionseqgs.(11), (15) and
(17)becomes

Sl(vs) = -0 - (@v&t 2r coqr,n) (% — B%) vpvs) dr. (18)

Hence thesolutionof theboundarwalueproblemconsistingof egs.(9), (11) and(15) givesa stationary
valueto thefollowing functional:

F(vs) = /Q [p’l(Dvs)ZJrZ&*lep-Dvs] dQ

+ a <w\/§+ 2rcogr,n) (% — Bip> Vst> dr. (19)

ThemodelvolumeQ is subdvidedinto hexahedraklementsandtheintegralsof eq.(19)thusdecompose
into integralsfor eachelementjn which theresistvity tensoris constantlt reads

= 3 [ ey | e

e=1/Qe=
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N 1 1
+ 2 / ~10v, - OvedQ + /rco rn (———)vvdl’ , 20
L; Qe& prLVs Zw o gr,n) B B,/ """ (20)

whereQ. denoteshevolumeof aparticularelementandr ¢ thesurfaceelemenbnl .. ng isthenumber
of the hexahedralelementsThe primary andsecondaryotentialsareapproximatedn eachelementoy
linearrepresentations:

8 8
i= =

whereN; arelinear shapefunctions(Li & Spitzey 2001), while Vpi andvSi arethe primary potential

andthe secondaryotentialat the cornerpointsi,i = 1,---,8. By Substitutingthe linearrepresentations

(21) into equation(20) and evaluatingthe volume integrals over Q. andthe boundaryintegral on I,
we obtainthe elementintegral. Summingup theintegralsover all the elementsassemblinghe element
matrix to a systemmatrix, andsettingthefirst variationof thefunctionalF (vs) with respecto vs to zero
resultsin thefinite elementequation

KV, = —P (22)

wherethe systemmatrix K is symmetricand sparselyoccupiedby non-zeroelementsV; is a vector
consistingof the unknavn valuesof the secondarypotentialsat all nodes,andP is the known vector
respresentinghe sourcedistribution dueto theanomalousesistvity structure.

This systenof linearequationss solved numericallyusinga preconditionead¢onjugategradientmethod.
TheincompleteCholesly decompostiomasbeenprovedto beafastandefficient preconditionefor 3D
resistvity modelling(Zhou& Greenhalgt2001;Li & Spitzer2001).

4 NUMERICAL TESTS

TotesttheFEtechnigueslescribedn theprevioussectionsatwo-layermodelwith azimuthalanisotroy
(Fig. 1) is simulated.The resistvities of the top layer of thicknessc m areassumedo bep,; = p,; =
P =100Qm, p; = p; = 10 Qm andthoseof the bottomlayer to be p,, = p, = p, = 10 Qmand
Py =Pp=10m Thesinglecurrentsources locatedattheorigin. The FE grid consistof 79x 79x 46

nodes.The boundariesarelocatedat +500m in x- andy-directionandat 500 m in z-direction. Fig. 2
shaws the apparentesistvities of a pole-polesoundingin x- andy-direction. The analyticalsolutions
computedby ananalyticalmethod(Wait 1990)arealsoshavn for comparisonFromFig. 2, onecansee
that:

1) the computedFE resultsagreewell with the analyticalsolutionsat all grid nodes,especiallythe
algorithmprovidesvery accurataesultsnearthe sourceandat boundarieswhich is dueto the incorpo-
ration of the singularityremoval techniqueand mixed boundaryconditions.The averageerrors,which
arecalculatedasbeingthe sumof the percenterrorat all profile nodesdivided by the numberof nodes,
are0.36 percentand0.23 percentfor the soundingn x- andy-direction,respectely.

2) Forthesoundingn y-direction,we obtainanapparentesistvity of approximatelyL00Qmatsmall
electrodespacinggtherealresistvity of thetop layerin x-direction)andof 10 Qm atthelarge electrode
spacinggtherealresistvity of thebottomlayerin x-direction).Thisis knovn astheanisotroy paradox.

3) For the soundingin x-direction, we obtainan apparentesistvity of approximately31.6 Qm at
small electrodespacings(the geometricmeanof the p;; andp,;) andof 3.16 Qm at large electrode
spacinggthe geometerianeanof the p, andp,,).

5 EFFECTSOF ANISOTROPY

In this section,a simple anisotropiccubeis usedto demonstratehe effect of horizontal,vertical and
dipping anisotroy on the geoelectricinterpretation.The cubehasa sidelengthof 5 m and principal
resistvities of px,/py/pi = 100/5/100 Qm. It is embeddedn an isotropic homogeneousalf-space

with a resistvity of 5 Qm. For clarity, the computedcontourmapsof the apparentresistvity at the
surfaceareshavn for pole-poleconfiguration.The singlecurrentsourceis locatedat the origin. All the
calculationsaremadeonagrid of 81 x 81x 47.
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Fig. 1 A two-layermodelwith azimuthalanisotrop.
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Fig. 2 Apparentresistvity of apole-poleconfigurationfor themodelin Fig. 1 and
differentarrayorientations.Solid line - analyticalsolution;diamonds resultsof
the FE algorithmdescribedn this paper

5.1 Horizontal anisotropy

Fig. 3 shaws the orientationof the principal axes. The principal axis Z is vertical, the remainingtwo
principalaxesx andy’ arein the horizontalplane(x,y) atananglea with respecto the x axis.Fig. 4
shaws the contourmapsof the apparentesistvity for threedifferentanglesa (0°,45°,90°). For small
distancedetweenthe currentsourceand measuringpoints, the influenceof the anisotropiccubecan
hardly be seen With increasingdistancethe influenceof the embeddednisotropiccubebecomesnore
andmoreolvious, the isoplethsare nearly ellipses.The maximumand minimum axesindicatethe di-
rectionof the low andhigh resistvity, respectrely, which is againdueto the anisotroy paradox.Far
from theinhomogeneitythe anomaloudield fadesout, the p, approachegheresistvity of theisotropic
half-space.

96



19. Kolloquium Elektromagnetische Tiefenforschung, Burg Ludwigstein, 1.10.-5.10.2001, Hrsg.: A. H6rdt und J. B. Stoll

Verticalcross-section Horizontalplane

25 0 2.5 X 7&
.51 y 2.5 1
0 ,
,,,’ M Y
[ofl 0 |
5.5 -2.5 1
50Qm
50m y
, 25 0 25
z,z

Fig. 3 A 3D cubewith horizontalanisotropy in anisotropichalf-spacewith p =5 Qm. The
resistvity tensorof the cubeis givenby the principalresistvities px,/py/pz, = 100/5/100Qm for
varyinganglesa.
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Fig. 4 A contourplot of theapparentesistvity for the pole-poleconfigurationof the Fig. 3 and
variousanglesa.

5.2 Dipping anisotropy

Fig. 5 shavstheorientationof theprincipalaxes.Theprincipalaxisx is horizontalandin thex-direction,
theremainingtwo principalaxesy andZ arein thevertical plane(y, z) atadip anglef3 with respecto

they axis. Thetop panelof Fig. 6 shawvs the contourmapsof theapparentesistvity for threedip angles
B(= 30°,45°,6(P). Again, for smalldistancegheinfluenceof the anisotropiccubecanhardly be seen.
Forlargerdistancesheisoplethsarenon-symmetriavith respecto thex-axis(y = 0) andareenlogatedn

thex- andy-directionsat theright-handsideof eachmap.Notethe existenceof two asymmetrianaxima
left andright to the sourcepoint. Their magnitudeshangewith thedip anglef. It canmoreclearly be
understoody looking at the apparentesistvity curvesalongthe y-axis shavn in the bottom panelof

Fig. 6. We explain this behaiour by the distribution of the currentdensityin the earth.In ananisotropic
mediumthe currentdensityis generallygiven by a linear combinationof all threecomponentof the
electricfield. Fromegs.(3) and(4), they— andz—componentsf the currentdensityin theyz—planeare
expressedy

. ov ov
y(y,2) = _nyd_y - Uyzd_z’ (23)
. ov ov

i2(y,2) = —Uyzd—y - Uzzd—z- (24)

Fig. 7 shavsthedistribution of thecurrentdensityin theyz—planefor threedippingangless (= 3P, 45°,6(°).

Thestartingpoint of earcharrow is at thefinite-elemennode.Thelengthandthedirectionof thearrav
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Fig. 5 A 3D cubewith dippinganisotroy in anisotropichalf-spacewith p =5 Qm. Theresistvity
tensorof the cubeis givenby the principalresistvities px,/py/pz, =100/5/100 Qmfor varyingdip

anglesg.
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Fig. 6 A contourplot of theapparentesistvity (top) andsoundingcurvesalongthe y-axis(bottom)
for the pole-poleconfigurationof the Fig. 5 andvariousdip angles3.

reflectthe magnitudeanddirectionof the currentdensityat thatpoint. Onecanclearly seethatthe mag-
nitudeanddirectionof the currentdensitychangewith the dippingangle within the anisotropiccube,
andthe currentflows mainly in the directionof thelow resistvity.
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Fig. 7 Thedistribution of the currentdensityin the yz-planefor themodelin Fig. 5.
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Fig. 8 A contourmapof theapparentesistvity for the
pole-poleconfiguratiomanda vertically anisotropiccase

5.3 Vertical anisotropy

The principalaxesx, y andz arecoincidentwith the x,y and z-axes, respectiely, and the resistvity
is axially symmetricwith respecto z, in which theresistvity for arny horizontaldirectiondiffers solely
from thatin verticaldirection.Fig. 8 shavs the contourmapof the apparentesistvity, whichis identical
with thedippinganisotrop for 8 = 90°. Theisoplethsarenearlycirclescentredattheorigin. Thismeans
thattheverticalanisotroy cannotbe seernfrom geoelectricatiata.

6 CONCLUSIONS

In this paperwe have presenteda newly developedfinite-elementalgorithm for numericalmodeling
of geoelectricalffields in anisotropic3D structures.The algorithm allows the simulation of arbitrary
anisotropiesn three dimensions,including the specialcasesof the horizontal, vertical and dipping

anisotrop. Thesingularityremoval procedureandmixedboundaryconditionsareincorporatedyielding

a high degreeof accurag. The 3D simulationresultsshav thatthe anisotroy hasrenderedhe geoelec-
trical field morecomple.
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